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1. INTRODUCTION 
A classical problem is the determination of the internal diffuse radiation 
field in a finite, homogeneous, isotropically scattering slab illuminated by 
parallel rays of radiation [l-4]. In spite of much study of this problem, the 
numerical solution still presents serious difficulties. Earlier work has centered 
around treating the transport equation for the internal intensity and its 
associated boundary values or the integral equation for the source function 
J(T) = f ec7h + $- ,I’ J(T’) &(I T - T’ I) d/, 
where 
i 
1 
&(I 7 - 7’ !) = e-17-r’l/P ~~ . 
0 ! 1 CL 
(1) 
In this Memorandum we will use the notation of Chandrasekhar [l], in 
which h is the albedo for single scattering, or is the optical thickness of the 
slab, 7 is the optical depth below the surface, and J(T) is the source function. 
Physically, J(T) is the rate of production of scattered radiation per unit 
volume per unit solid angle at the depth 7, the incident radiation being rr 
per unit normal area per unit time and the angle of incidence being cos-l p. . 
The first term on the right-hand side of Eq. (1) arises from the reduced 
incident radiation and the second from the diffuse radiation field. In this 
approach J is considered to be a function of r, 0 < r < pi , and its dependence 
on the thickness 7r , and on the incident angle cos-l p. , is suppressed. In the 
invariant imbedding approach we shall keep 7 fixed and vary 7r and po. 
Our aim is to produce a system of ordinary differential equations with a com- 
plete set of initial conditions whose solution is J. 
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2. INVARIANT IMBEDDING [5, 61 
Let us write 
J(T) = AT7 71, P-co) (3) 
to emphasize the dependence of J on T, 71 , and pa . Finally, for ease in 
nomenclature, it is desirable to measure altitudes above the bottom, t, rather 
than depths below the top, T. We write 
so that IV(t, or , pa) is the source function at the altitude t above the bottom 
of a slab of thickness ~-r , the angle of the incident radiation being cosl p,, . 
Now add a thin slab of thickness A to the upper surface and consider the 
changes that take place in the source function at the fixed altitude t above the 
bottom surface. There is a diminution due to weakening of the incident 
radiation in the slab of thickness A at the top. On the other hand, there is an 
increase due to scattering of radiation in this slab of thickness A at the top. 
Other processes contribute terms involving powers of d higher than the 
first. This leads to the equation 
+ W(T 1 
+ o(A). (5) 
In the limit as A - 0 we find 
(6) 
This is our basic equation. We have derived it earlier mathematically directly 
from the transport equation and the integral equation (1) for the source 
function [7, 81. Our aim is to hold t fixed and produce W(t, 71 , p,,) for a 
suitable range of values of ‘or > t and for a suitable set of values of p,, . In 
view of the integral which occurs in Eq. (6), we shall choose 
poi = ith root of P,(l - 2x), (7) 
where PN(x) is the Nth Legendre polynomial [5,6]. In this way we appro- 
ximate the integral via a Gaussian quadrature formula. From previous 
experience [5, 61, we expect that N = 7 will be appropriate. 
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Next we note that W(7r , 7r , CL,,) app ears explicitly in Eq. (6). This is the 
source function evaluated at the top of the medium and is essentially Chan- 
drasekhar’s X function [l]. To derive a functional equation for it, we consider 
adding the slab of thickness d to the bottom of the slab of thickness 7r . 
At the top this causes an increase in W due to the scattering in the slab of 
thickness d. This leads to the relation 
which in the limit as rl + 0 becomes 
am1 7 717 PO) 
37, 
= 2w0, 71 > PO) 
I 
l W(0 , 71 , P') 
0 
y . (9) 
Equation (9) involves the source function evaluated at the bottom of the 
medium W(0, r1 , po), which is essentially Chandrasekhar’s Y function [I]. 
Equation (6) for t = 0 gives us the needed equation 
The set of equations, (6), (9), and (lo), for the functions w(t, 71 , po), 
W(T, , 71 , po), and W&4 71 , PO) is the desired set on which we base our 
computational scheme. 
3. THE COMPUTATIONAL PROCEDURE 
By letting p. assume the values in Eq. (7) we replace the integrals in 
Eqs. (6), (9), and (10) by sums using a Gaussian quadrature of order N= 7. 
We put 
w(o, 71 , hi) = + YdTd (12) 
w(T1 , 71 , Poi) = +- xdT1), 71 > t, i = 1, 2, ..*, N, (13) 
where the optical altitude t is viewed as a fixed parameter. 
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The functions Wi , Yi , and Xi satisfy the 3N ordinary differential equations 
(14) 
(15) 
(16) 
for 71 >, t, i = 1, 2, em*, N, zi = ith Christoffel number. The dot indicates 
differentiation with respect to pi . For initial conditions at 7r = 0 on X(T,) 
and Y(,i) we have 
Xi(O) = 1, (17) 
Y,(O) = 1, 
i = 1, 2, .a*, N. (18) 
When Eqs. (15) and (16) for the X and Y functions have been integrated 
from 7i = 0 to pi = t, a simple problem on a modern computer, we have 
numerically 
wi(t) = $x$(t), i = 1, 2, . . . . N. (19) 
Then the system of Eq. (14) is adjoined to the system (15) and (16) and the 
integration continues until 7i = T = largest desired optical thickness. The 
result of the calculation is that the source function W(t, or , ps) is evaluated 
for a fixed value of t, a range of slab depths t < pi < T and a set of direction 
cosines, p0 = p0 i. If the solution is desired at K different internal positions, 
we have to integrate at most (K + 2) N equations, which is reasonable for 
N = 7, and Kr 100. Equation (6) contributes NK equations. 
4. DISCUSSION 
Equations (15) and (16) together with the initial conditions (17) and (18) 
form the nucleus of an efficient computational scheme for determining 
Chandrasekhar’s X and Y functions. We have done a complete study and 
have found that seven quadrature points and a grid size of 0.005 for an 
Adams-Moulton numerical integration scheme are appropriate. These 
results will be published in a forthcoming book. 
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The method readily generalizes to the case in which A, the albedo for single 
scattering, is not constant but is a function of 7, the optical depth. 
Not only does J satisfy Eq. (6) but also p(p, T) and P(p, T), the photon 
emergence probabilities [8], and the upward-welling internal intensities. 
We thus have an effective way of calculating these and related functions. 
In addition, the method extends to the case of anisotropic scattering. 
5. SOME NUMERICAL RESULTS 
We carried out a number of numerical experiments. For the most part 
we have only our own earlier calculations to use for checking purposes. We 
compared the source functions given by Sobolev and Minin [9] against ours 
and found good agreement. See Table I. We also found good agreement 
with a curve of van de Hulst [IO]. 
T 
FIG. 1. Source functions for three incident angles with h = 0.9 and 71 = 5.0 
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TABLE I 
A COMPARISON OF SOURCE FUNCTIONS 
7 
0 
0.1 
0.2 
0.3 
x = 0.5, 71 = 0.3, pLo = 0.5 x=1.0, 71=0.3, fio=o.5 
~~-_.~ 
Present Sobolev and Present Sob&v and 
work Minin work Minin 
0.140966 0.141 0.328846 0.328 
0.122852 0.123 0.307135 0.306 
0.102958 0.103 0.264300 0.263 
0.082559 0.083 0.207568 0.207 
FIG. 2. Three source functions for X = 1.0 and 71 = 10.0 
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As another check, we calculated the diffusely reflected intensity Y in the 
direction 60” = cos-r p when the angle of incidence is 60” = cos-r p,, , 
the albedo X = 0.1, and the thickness 7i = 1.0. We evaluated r, 
44 PO > 71) = s T1 W(f, 711 kl) e-+t’),Pdt’ 0 P ’ 
by using Simpson’s rule with 11 points. The value of r obtained was 0.013 159 
compared with 0.012946 as tabulated in [5]. The difference can be accounted 
for through the error inherent in the use of Simpson’s rule. 
Figure 1 shows source functions J for three angles of incidence with 
h = 0.9 and r1 = 5.0. Note the internal maximum on one curve. Figure 2 
shows results for a slab of thickness 10.0 with an albedo X = 1.0. Figure 3 
shows a linear plot of curve II of Fig. 2. Note that it is linear for 2 < 7 ,< 10.0. 
Such results are produced in a matter of seconds on an IBM 7044. 
FIG. 3. Replot of curve II of Fig. 2 
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